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Simuution of three-dimensional steady-state flow
IN THE BOTTOM OF A TROPICAL CYCLONE

ABSTRACT. The mathematically modeled three-dimensional stationaryflows ofan ideal
polytropic gas under the action ofgravity and Coriolisforces are validfor tropical cyclones
of average intensity. Boundary-value problem is posedfor the system of equations ofgas
dynamics, the solution oftheproblem describes theflow thatoccurs in smooth gasflow through
the surface ofa vertical cylinder ofa given non-zero radius in the vicinity ofan impermeable
plane z = 0. It is proved that this problem is a characteristic Cauchy problem and therefore
due to the analyticproperty ofinputs data it has a unique analytic solution. The initial segment
ofthe series that defines this analytic solution is used to construct three-dimensional steady
bottom currents ofnatural vortices such as tropical cyclones. The coefficients ofthe initial
segments ofthe series are constructed by numerically solving the systems ofordinary differential
equations. The distributions of gasdynamic parameters ofstudied currents are presented
numerically and graphically. They are consistent with field observations of tropical
cyclones.

KEY WORDS. System ofgas dynamics equations, the Coriolisforce and gravity, spin of
gas, tropical cyclone.

Formulation of boundary-value problem
The system ofgas dynamics equations (SGDE) for isentropic stationary common
spatial flows of polytropic gas under the action of gravity and Coriolis has the form
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In the system (1): x, y, z— Cartesian independent variables and in the subspace
of variables x, y a polar coordinate system is introduced; (r,@); ¢ = py'vz2 — gas
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sound velocity; y = const >1 — gas polytrophic index in equation of state p = pl7y,
where p and p denote pressure and gas density; u, v, w, respectively, denote radial,
circumferential and vertical components ofgas velocity vector; a = Ssiny-, b = Scos¥;
Q = Q—modulus ofthe Earth’s angular velocity; Y—Iatitude point O on the Earth
surface, which is the beginning of a Cartesian coordinate system rotating with the
Earth, ifpoint O lies in the Northern Hemisphere, then 0 < W< 1v2; and ifthe South,
the w2 < W < 0, on the equator ¥ = 0; g = const > 0—constant free fall acceleration.
In this paper, as in [1, 2], the system (1) does not consider a centrifugal acceleration:
-Q x (Q(R+r)), where R—vector connecting the center ofthe Earth and the point O,
r—radius—vector ofthe current point in the coordinate systemx, y, z.
For the system (1) at z = 0 the following initial data are set:

c(r,@,z)i"=c0(r,p)
4(r,@,z)2 =ul(r,p)

u(r,@,z)=0=v0(r,P)
w(r,®,z)~o=0

@

The last ofthe initial conditions (2) provides gas impermeability through the plane
z=0.
Solution ofthe problem (1), (2) is constructed as an infinite series

where vector U is characterized by the sought-for functions ¢, u, v, w as
coordinates.
New conditions are added to the problem (1), (2):

4)

which are necessary conditions for the resolvability ofthe considered characteristic
Cauchy problem (CCP) (1), (2) [1-6].

Ifwe assume the existence ofa solution to the problem (1), (2), the two relations
of (4) must be provided; i.e.: ¢, ug, vl cannot be arbitrary, but must satisfy the two
above relations (4).

Occurrence of conditions (4) is due to the fact that the problem (1), (2) is CCP
and the subspace z = 0 in this problem is characteristic of multiplicity oftwo [3,4].

The theorem on the existence and uniqueness ofanalytic solutions in the standard
form for CCP system ofgas dynamics equations with initial data on the contact surface
(i.e. the surface, through which the gas is not flowing, in this case z = 0) is given in [4].
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Since in this paper we consider the flow with the terms specified by the influx of
non-zero radius ofthe cylinder, the formulation ofthe theorem in [4] is as follows:

Theorem. Problem (1), (2) is CCP ofastandard type with data on the characteristics
ofmultiplicity oftwo possessing in case ofall input data analyticity the only analytical
solution under the necessary conditionsfor CCP resolvability (4) and two additional
conditions, ofthe type

®)

rin = const > 0

with analyticfunctions u0( ¢, z), v0( ¢, z), consistent with the conditions (2) at z =0,
r=r,:

(6)
The calculations should also consider:
iu0(¢,z) =um = const <0,
v (@,2)=0 (7)

Construction of the first coefficients of the series

In the following works [1,2, 5, 6] we can find the description ofthe construction
ofcoefficients c0 = cg(r); ug= ug(r); tg = ug(r), as solutions ofthe corresponding SODU
with specific initial conditions.

Using the coefficients U0 coefficients wi, cl are uniquely determined [5, 6]. The
Cauchy problems for SODU are written out, which determine un(r), ul2(r), vii(r),
v12(r) where

ul =uAi(r)cosg + ul2(r)sing,
vi=uvvi(r)cosg + vv2(r)sing.

w2, c2 are uniquely determined by these functions. Next, coefficients u2, v2 are
constructed as

u2 = u2 (r)+u2l (r)cose + u22 (r)sing + u2 (r)cos 2¢ + u4 (r)sin 29;

V2 =020 (r) + Vv2i (T)cos @ + L2 (r)sin @ + v (r)cos 2¢ + v (r)sin 29,
and w3, c3are uniquely determined with their help.

As a result we get SODU of ten equations for ten sought-for functions u20(r),
u2L(r), u22(r), u23(r), u24(r), v20(r), v2i(r), v22(r), v23(r), v24(r) (SODU specific form is
given in [6]).

Once this SODU initial data (2) for an approximate description of gas flows in
the vicinity ofthe plane z = 0 are solved, the following representations are used:
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c(r,p,z)=cO(r) + [c10(r) + cli(r)cos™ +cl2(r)=ip]-z +

1(y—1) 2

bui(r)cos@ bvA(r)cos@ 9)
2 ci(r)

x(Ys W + cll VW oo + C12(.r)sing)'1" -~ + c3(r,@)-";

u(r,@,z)=uo(r)~+[wll (r)cose + ue (r)sin<p]-z +
z2
+[v20 + u2l (r)cose + u22 (r)sing +ul (r)cos2¢@ +u (r)sin2q¢]--;

v(r,p,z)=ul (r)+[v!(r)cose + V2 (NiYvs(p] -z +

The presence of sum members with different degrees of z (for c and w to z3, and
for u, v at z2) is determined by the procedure for constructing solutions ofthe initial
boundary-value problem. Namely, in order to satisfy the system (1) at z = 0 the
following coefficients are built cff uff uff wB, as well as wl, cl. To satisfy the first
differential system implications of (1) atz = 0, itis necessary to set up the coefficients
1, v, which help to identify the coefficients w2, c,. In order to satisfy the second-order
differential system implications of (1) atz = 0, itis necessary to set up the coefficients
u?, v2, wi, c3. And, therefore, the use ofthe representation (9) provides the feasibility
of system (1) up to the sum members, containing z3.

Naturally, the construction of solutions of the Cauchy problem for the above
SODU can be done numerically [5, 6].

Calculation results

In [7], the data of statistical processing of intensity indicators for tropical cyclones
are offered, and primarily the velocity of air masses movement in them - according
to the wind speed. Also this paper provides some general conclusions about the
individual features oftropical cyclones functioning:

1. Tropical cyclones in the Atlantic and in the northwestern part ofthe Pacific are
characterized by almost the same intensity, as well as matching the times of wind
speed increase and decrease.

2. There is an approximately equal probability that any tropical cyclone can reach
any intensity (any wind speed), but not more than its potential intensity.

The potential intensity stands for the upper estimate ofthe maximum wind speed,
whichiis, in turn, ‘is determined by the balance between the generation and dissipation
of energy surface flows, most of which occur in the boundary layer of the
atmosphere.’
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3. These observations suggest that high intensity oftropical cyclones in the western
Pacific Ocean is caused by the great length ofthe path ofthe cyclone over the warm
water.

4. According to the research, the average rates ofdecline in the intensity oftropical
cyclones over the hot and cold water are very similar. In addition, about halfofreducing
the intensity of a tropical cyclone falls on land.

Since tropical cyclones annually bring numerous destructions and unfortunately
victims, various studies deal with this natural phenomenon for a long time putting
considerable intellectual, technical and financial resources.

However, we should conclude that more detailed measurements of various
parameters of individual cyclones collecting numerous statistics and attempts to
reliably predict the appearance of the next tropical cyclone is not the case. And most
important: understanding the causes oftropical cyclones and the definition ofnatural
energy sources for their sustainability remains almost at the level of hypotheses not
supported by any experiments, no reliable mathematic modeling.

The following formulas (9) have been used to calculate dynamic parameters and
trajectories of individual particles ofgas for a tropical cyclone in the following scale
values ofvelocity and sound velocity ué = c6 = 333 nvs and the distance r6 = 73 km.
In this case, the calculations relied following dimensionless values of the input
parameters: sin7=0.5,y=1.4,r =1, c(rf=1, u(r.n) =-0.00124, v(m) =0, rp=0.05
[1.2].

Figures 1 and 2 show the projection ofthe particle’s trajectory separate gas coming
from the cylinder inflow r=r at a height ofz = 0.001. When this swirling gas in the
tropical cyclone is substantially greater than all grades tornado [2]. And moreover, in
atropical cyclone approaching the cylinder r=r6 Photo movement ofthe gas particles
is then coming either up or down (Fig. 1).

Fig. 1. Fig. 2.

Here are the surface dynamic parameters of the tropical cyclone at a given height
z = 0.001, corresponding to the dimension value of 73 m.

Figure 3 shows the surface speed ofsound. This function undergoes major changes
in a neighborhood undergoing Photo cylinder r = r0, which corresponds to the
dimension value in 3650 sg. Thus when approaching the cylinder flow values decrease
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the speed of sound, that is there is a vacuum gas. This vacuum is more than tornadoes
all classes [2], but also not very significant. The speed of sound varies from a single
value to a value of 0.997, which corresponds to the change in the density of a single
value for fifteen thousandths, i.e. less than two tenths ofa percent.

Eig-

Figure 4 shows the surface of the radial velocity. The value of this velocity
component gas is negative, i.e., the gas moves to the cylinder flow.

FYs. 4.

Major changes and this function in a neighborhood undergoing Photo cylinder
r = r0. Ifthe cylinder inflow radial velocity values were -0.001 order, then they reach
the cylinder flow values -0.025, which corresponds to the dimensional value of
-8.37 ms .
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Figure 5 shows the circumferential speed of the surface. The values of this gas
velocity component are positive, i.e. gas rotates in the positive direction.

Fig- S.

Major changes are also undergoing peripheral speed in the vicinity ofthe cylinder
flow r =r0. On the cylinder inflow peripheral speed is zero, and on the cylinder Photo
its value reaches 0.17, which corresponds to the dimensional value of 52.9 m/s —
storm.

And Fig. 6 shows the surface ofthe vertical velocity w.

Fig. 6.

In the absolute scale the value of w is not very large, about 0.002, which
corresponds to the dimension value 0.666 nys. However, it clearly shows that when
approaching the cylinder flow r= riithe value of w changes sign. That is, in my
neighborhood Photo cylinder gas moves up and down. But this occurs at values of
$ r approx 0.3-0.4 $.

Summary
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The research was aimed at developing a method for constructing three-dimensional
steady flows, simulating the flow of air in the bottom parts of the natural upward
swirling flows, such as tropical cyclones. A comparative analysis of the main gas-
dynamic characteristics of air flow in the average tropical cyclone was performed.
The motion trajectories of individual air particles, having local nonmonotonicities in
height, were built. However, the air mass in the bottom current up to the height of
50-100 meters moves almost horizontally.
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