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NONLINEAR SIMULATION OF SURFACE WAVES
IN A TWO-PHASE MIXTURE

ABSTRACT Thepaper discusses a nonlinear boundary valueproblem ofwavepropagation
on thefree surface ofa two-phase (disperse) mixture. To solve theproblem, a method oftime-
variantfrequency is applied, which was devisedfor the solution ofnonlinear wave problems
with dissipation. A solution has been found to a third order approximation using a small-
amplitude parameter. Nonlinear wavefrequency and near-surface Stokesflow rate have been
defined. They are timefunctions depending on the wave length and elevation (as in the classical
case) and on the dispersed phase concentration. Nonlinear paths of carrier and dispersed
phaseparticles have beenfound. Basing on the obtained expressionfor the dispersedparticles
paths, the nonlinear effect has been described: in wave motion dispersed particles that are
heavier than carrier phase particlesfloat, while lighter particles sink.

KEY WORDS. Nonlinear surface waves, two-phase medium.

An infinitely deep layer oftwo-phase mixture, bounded from above by free surface
¥ = ¢ ¥f,x is considered. It is assumed: the carrier phase is ideal incompressible
liquid, viscosity ofwhich only occurs at the interface; the disperse phase is spherical
particles of a radius; a wave with A (A > & * max, A >> a) length propagates in the
X k& ma = € direction—small wave parameter, k = 2/A—wave number. Physical
(dimensional) values, where necessary, are marked with asterisks. Setting wave
frequency (phase velocity) an unknown time function, we can write the nonlinear
boundary value problem [4] in a dimensionless form

A O+ (1—co)Vivi—saV. (yv)=0, —L-"*+Vv2+eV(yv2)=0, (1)
LLI dt 0%) 5"

1oovi span ovj
Vo) dt 2(rc) dt

- rao (VZ -vl)+Vp+e

-(v2Vv)v2] =0,
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+/1-Bo)(V2

| SE
) dt

+82aly  (VZX—viX)=°. 2=f"ijc)’

A A
-(1-ajvi2-aov2

pP-Vv& +cao(pl-p2)vyg =0, vd=gkc2, z=c¢€&(t,Xx),
Vil - O, Vit - O, Z - — 0, 1= 1,2

Dimensionless quantities are associated with physical equations
f=kc't', x = kx', z = kz", u. = pYp0, r = R/plkcg, p0= (1- al) pl°+ a0p2,
C=C (tycg=to (tywy, a= eagy, kg - €&, ¥. =¢eclv., p'= P.- Pa+p*gz =¢epliclp.

Here a>0, cg is frequency, phase velocity of a linear wave; ag, «“is disperse phase
concentration, its disturbance; v.’-p.-pj0is velocity vector, pressure, true density ofthe
i-th phase; p0, Pa is quiescent mixture density, atmospheric pressure; R = 9rya? is
interphase friction coefficient (n—dynamic viscosity), coefficients = 1; 0 depending
on account ofthe added mass force.

Maclaurin expansion ofthe boundary conditions are reduced to the surface z = 0.
Unknown functions are defined as € series:

P=3>¢€"IPN E=>€"& y=3>enyn c=Il+"gnan(t).
n=1 n=l n=l1 n=I n=|
(2) Substituting (2) series in the equations and boundary conditions (laid outinz =0
neighborhood) (1) and equating coefficients of €0, €', €2, we obtain an asymptotic
representation of (1) problem in the first three approximations.
In the first approximation, the problem takes the form of: when €0
-a s+ (1-0JV-Vv1l=0, L&+ V:v21=0,

at at @)
| S ov.,, S av,, / Vv, »
|Bi + 2pra®)1t~—2prac~ot—ra° 7~ < v "+ VPL =0,
ov2
ot
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vn=(vixi>vizl), V21 =(v,v2zl),
nt

-N- = (1-BO)vizi+aldv2zi. z =6
Pi1-25=0. z=¢6;

for the second approximation: at €'

—00— + (1—a)V'Vvi2=%av- il  Fa- +\V-V22=-\/-(ylv2l), 4)
at ot
+ DL aNiziioo AN rod N2 - v2)+ VI = raty N -vil) -

—(a + N34 (v, IV)VIL + JANa0(VAV)VI+- ooyl (N ----j,
(M2 +FN (1 -«<) 3 - C-al)6I-+Vp2 +r(l-ao)(v2 -v)=
=-(U2 + "~ (1-a)) (V2iv)va + e (A-BI(vu V)il +raoyl(vl -vil)+

+3ntizon (VAL _0vy)

z z
= (vIx2,V1z2), V22 = (v2y2,v2z2),
-N——(1-al)vi2 —alv2z?2 = «, T (v2zl ~ viz)—"™-[(1 —ao)VviXl + aov2Il] +

+(l-aJd=+aJdrt=s z=0

0z 0z
Pt - s =a, (U2 -PxKViil —it~1. z=6;
0z
for the third approximation: at €2
-«<0-ZT+ (1 - «»)V -Vl =alV: (ylvl2 + y2vil)+ a0l *~(ta2)’, (5)
ot ot
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“=rooy? (V2 Mv11y+ 2 — (O~ = o= PV _ﬁ; +
ot
5 0 Ze"~— U +2°D)DLas N2 Lg'asy> [(V'"™\WV)Vil — (V2iv)y211
—a
+MI 2
- Mu(l-as, +Vpl +r(l-ao)(vl -vi3)=

=AM + Mi(1-a0)AN(V2AVIVZ +(VRVIV2] + § ~~ ks =W 1—

+ Mi(1-«,)[(VIV)VL + (VI2V)VIL] + raoy! (n

i v Al 17 é /, )<
+7"|0-,,=(m—VJ+[r,+ an~e.r
-IM1«OYL [(VIIV)VIL = (V2IV)V2L], VB = G1x35viIz3),  v23=(v2x3,v2z3),

98 A —«Ivizz—aovis = &, (Va2 - Viz2)+ z20y2 (V22! — Vizl )--Ye-(t02) —

A [U-ao)vli2+aov2jir] = Y8 - a0)vul + «Mn ]+ (L - a0 )
X

+«c/\ ADZL + (1 — oWl s+ «]1'2 AulL+1z1- AE2Vszk+ 1
dz a7 'ob2 to 2v oAl to? 2

Lat+zz~L1 +alrni<i(-

Jijh (1-a
o« oz ° 9z 0z 0z ) 0 0z

-afy’ %o (V2™N-vw)' z=0

\ . -MI=2MNE2+Y2E1+E2N - zZ=Q
p3-"Y83 ==0(42 19z 2to 2 1 02

Linear problem (3) solution has [4] the form:
V< ~ AeZ~D' (M, cosX + N sinx)-  vizi = AezN" (Wisin — Nicosy), i=12,
y1=0, p!=Ae " cosy, &1l=Av~le~bh cosy, X=X-t+86,
where Ml = j-j[I +2(%& + Yplp2(1-p,) (s + 2p2)d],

MI==""=[1+2 (b2 + 1)p2 (1 - p2)(s + 2u2 yzf],
2 b2+
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NI = 7r77 [-Ye+2(fe2 + D2 (1 — pl)(2r -bpi(s + 2u2))/'d],
N2 = YeYei[-z, + 2(z2 + 1y<t O~F2)(2r—Mi G + 2u2)yd"

d=2r-bul(s+2ul)) +p2(s+2u2)2

Here b is dimensionless damping decrement, 3 = bkc0 is dimensional decrement.
For damping decrement and phase velocity in [4] the expressions were obtained
c2=c2+c2+c?

>
1

1
a /00 W ¢ ) 02 +y3 3 . 2Rp°k
1~ +

2 va 27 2 V4 27 3u,G +2p2)
where
2=g ? = 2ao(l -go)¢>r-Pry 0 4Rpo
s Kk p°1(sp°+2p°2) Kk C" —TBB- Pi GPo +2p°2)J'
3M,(s + 2p2)(spl+2p) gk-4(R/poky
v= 12y (s +2p2)!
RPp°k

0=54p3G + 2y + + ~ +N

Solution to problems of the second approximation (4) can be written in the
following way

vfe2=0, vfe2=JdVac2-4', /=12, /712=/Ne-% Ly D 2v
0lJ

Y2 = A2L4e2:~2bt, &2 =-Y4Te~' cos2y,
2V0

where
r r T -"0Qv J

(I-oo0) 2 2 I(r-b(sp +2p)) 4 2b(r-b(spl +2))

- (L - a0)(pff — Mi G + 212))(A72 + V2) - «,, (fl2r ~ M1 G + 22 )XY + N2)

A~ 2(r-b(spl +2u))

H = pfls + 2)(m?2 + N2) - (spi + 2p2) <7 + N2).
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Substituting expressions of the first and second approximations in the equations
and boundary conditions of the problem (5), we obtain the problem for the third
approximation in an explicit form

~ao +(1—o00)V-vi3 =2a0A3e3z~3pb,L4 (m, sinx-N, cosyx), (6)
Y™+ Vv VB = 2A3e3-3'L4 (N2 cosX-M2 siny),

dt
(pl + p,00)Nj=-- plao —ral (v23 - v.,3)+ =Aez b 2({z [(2+sal)-

(! +bMA) —sal (N2 + %AV2)](ta2) + A2e2z~2b, [spiaozs (hi —N2)-2a0rL4 1
(Ml -M2) - p1(2 +s)L,MIJ}cos x + {u, [sal (M2 —bN2) —(2 + sa0)(Afl —bNx)]i

(ta2)' —A2e2296' [1(2 + s)LIH! + spuccOLs (11/, — M2)+2a0rL4 ([! -IV2)13mixi,

(p +FP av)¥sl —F a0 ~ra’ (v23 “vw )+ 3= Ae™M/2 ({2 [(2 + sao)’
-(M! = bNi)-sal (M2 — bN2)](ta2)' + A2e2z~2b, [sp,al0i4 (mi - M2)+ 2alrL4 1
(Nl —H2)+ !l (6 +s + 2sal )LIN! — 2spxalL2N2JJcos x + -Jul [(2 + sal)-

(! + W1)-sa0([]2 + bM2)](ta2] + A2e2°2b, [spxa0L4sNi —N2)-2a0rLd -

(T -M2)- il (6 +5 + 2520 )L + 2spx@0L2M2 JJs

{Fft+Fre(1-a.))Ye-FAL -34)Ye-+~+VI1-a.>X34-ul,)=

= Aez~by27-~2p2 (M2 + bM2)-spi (L —a0)([! + bMr -N2 -ANR)](ia2) +
+A2e2~2" [spxall4(Nx— N2)- (22 + sux)L2M?2 -2a0rL4(Mr -/A\f2)]Jcosy +
+ Aspl (1—a0 )T = bNi -M2+ bM2)+ 22 (bN2 — M2)](ta2) +

-A2e27h [spra0ld (mx — M2)+ (212 + spr) 12N2 + 2a0rL4 ([ = N2)]}sin X)

(Ft+ i Ft(1-0.))Vell— i Ft(1—0.) T a + L + VI-<1.XVvl, -v1,)=
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= A3e~b2[  2u2 (M2 — bN2)- spi (1 — aa)(M, —bNi -M2 + bN2)](to2)' +

+A2e2:~2, [spla0Z4 M— M2)+ (62 + 3spl — 2salpl )L2N2 + 2a0rL4 (NI — N2)—
-2sul (1 —al")LINI]IcO5x + -F2u2 (N2 + bM2)—spi (1 — a0 )¢V! + bM2 —

-N2 - bN2)](ta2)' + A2e2~2' [2spl (1 — a0 )LiMi — 2a0rLi (M — M2)+ spra0ls 1

-(Nx-N2")-(6u2 + 3spr -2.salul)Z.2A2] Fsmy)

s 1. ) -J1=2i "9 2l [sin3x —bcos3x]+ 8bv°A 2e2’ -
ot "  a°>w3 aovzzl 8y6

"(la2) +16v0ActOE2 4" (1~ 00)A — voaoldd (Bi — B2)(>2,  bpi (s +2u2))j+b

- -8vizlMek' (ta2) +16~BOpIZ4BAL(E + 2p2) (Ul - 2) mX],
-Ccosy + z=0,

P3 — V43 =P v cos 3/ + [5 +1GvaLi + Srz0VALs (Ul — p2)]cosx} z=0.

To solve the problem (6), we set amplitude ratios functions of time to be
determined. Then to an accuracy ofthe third approximation, solution to the nonlinear
problem has the form of

L, l-enat
c=1+enN2— =3, @)
Vil = Aez~h' (M, cos)X + Ni siny)+ €2A3P~b" ¥622~0'Ql siny + [ 13 (e —1)+ e2~h,R" }cos¥,
n2x = Ae? b' (M2 cosy + N2 sinX)+ £2A3& b xe2-24'B2-cw ~D”e %')siny +
+(CvA+3a4e™l + e2~'R2  as—,
vl2 = Aez-b' (MI sinx- Nl cosy)+ eA2Lie2~2h + €233e2™'[(O8 (e-2-1)+e2:-2,Q3)siny +
+e2 2b,Ri cosyj,
vz = AP~b, (M2 sinx- N2 COSX)+€A2L.2e2:"0'" + €2\3e2"' [(Cv4 + Dvie~2b, +e2-20,Q4)siny +

+(Cw4 + Dwle~2b, + €272’ S4)eojx],

p = Ae2~h, cos X + eA2e~2' Ye=---O-¥8 | APt [(c,b + Dvie~2bt +e2z~2b-Q5)siny +
0

=+ O +2' +e2~h'R,)cas—,
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y = eA2l4e2r 2b,+€2A3e3 3t'[gb smx +/{cosx],

A Al
& =-e™, cosy +e-re”h' cos2y + €2e~h A3 [3e~26"I38" vB6 cos3) +
+((1 +9%2) e~2b, -~a0iZMA (Ul ~ p2)[Bbr + (pls + 2pl)(1 —3b2)] - 2v~11
(L+3®)cu + (1 - a0)(B3 - 3bR3 + Dv3)+ al (B4 —3bR4 + Dvd — 3bDws)+ 8"~/ |
(5 -3%2)}+ (1 +b2)”1[(1 - CC0)cw + «,, (cvd —bCwh )JFOi X + ((I +962)™ e~2bl 1
1naldd” L4 (ul = p2)[r - 2b (pls +2p2)] + 4v~2bCa — (1 — a0)(/A3 + 3bQ3 +

+3bDV3) - a) (R4 + 3Z>Pt + Dwd + 3bDvA)+ 2vAe}- (1 +b2 )~ [(1 - a0 )bCi +

+af(Cw&+  v4)])si'z]-

Here coefficients of the third approximation are omitted because of their
awkwardness.

(7) implies that over time, frequency (phase velocity) tends to the value
corresponding to the linear problem. Fig.l shows the dependence of the wave phase
velocity 5n  time fwhenp°= 1500 kgZm3 and p20= 500 kg/m3 (A= 1, A= 5m,pj°=
1000 kg/m3, n = 103 &y(m a = 0,15 * 102 m). Phase velocity is greater when
particles of disperse phase have greater density than the carrier phase which is not
the case with lighter particles. From graphs showing dependence of wave amplitude
on time on Fig. 2 it is seen that the wave motion decays faster than phase velocity
reaches a linear value.

2.950

2.925

2900
c*, m/c

2,875

2.850

2.825

0 500 1000 1500 2000
t*, C t*, ¢
Fig. 1. Dependence Fig. 2. Dependence of amplitude on

£ —pN=500ky/m3, —A2"=1500kym8.  C,(t*): —p2 = 500 ky/m3, —p2 = 1500 ky/i

Dimensionless coordinates of disperse and carrier particles satisfy the equations
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where y.(t) = wo. is vibration frequency of /-phase particle.
Solution (8) is found in expanded form in small parameter

Zi=ji e 2=>ed> ©)
7=0 J=0
ri = 1+3>¢%:

7=0
Substituting expressions (7), series (9) in the motion equation (8), to determine the
first three coefficients we obtain the following equations:

Tmss,l Ve-=0
Ni Coodti

—— = Aez®~b,' [M, cos X0 + Nisinx0] - (r,yl) ,

iZ
oo [4 sinxi0 — Nicosxi0], xi0 =xi0 +d,

= Aen-P +M;Z;i + X 1)' _bMitiyii cosxi0 +

Nfize +aA-z,1| + M1 0O./,1) — fe=2FiT,I . .
sinyiO-

Nizil ~ Mixn + Ni (tiyii‘l - bNitiyn cosyio + Aez'~ti Li

First, we have xi0=yilL - t.= x.L -t.+ 6,zj0=z,i, where x1,zl are Lagrangian

coordinates ofthe particle at a standstill.
Determining the periodic solution for7, z7, we obtain

Ti=0 x' M 40c0izz -(4-

za= W +1 VA +bN )COS + (N ~bM' Tinxits:

Equations for determining the trajectory of a fluid particle in the second

approximation take the form

zJ A2 ~ziL  Rbti

1

Solving these equations, we obtain
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%=0.

The value us = c-a/k is transfer velocity. Its approximation is ofthe form

Transfer velocity depends not only upon the depth the particle is located at, but
also on attenuation time. Particle motion consists of two convergent modes—
nonperiodical and rotational. Figs. 3, 4 show trajectories of disperse phase particles
atppB= 500 kgZ/m3 andpf= 1500 kg/m3.

xX*, M
Fig. 3. Trajectories of disperse phase Fig. 4. Trajectories of disperse phase
particles at p2°= 500 kg/m3 particles at p2 = 1500 kg/mj}

The graphs show that the lighter particles deepen while moving, and the heavier,
on the contrary, rise closer to the free surface. That leads to an increase (decrease) in
concentration ofheavier (lighter) particles in the near-surface layer. The present paper
analytically discovered this phenomenon of nonlinear character [3]. A more precise
solution obtained in this work confirms and specifies this nonlinear effect.
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