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NONLINEAR SIMULATION OF SURFACE WAVES 
IN A TWO-PHASE MIXTURE

ABSTRA CT The paper discusses a nonlinear boundary value problem ofwave propagation 
on the free surface of a two-phase (disperse) mixture. To solve the problem, a method of time
variant frequency is applied, which was devised for the solution of nonlinear wave problems 
with dissipation. A solution has been found to a third order approximation using a small
amplitude parameter. Nonlinear wave frequency and near-surface Stokes flow rate have been 
defined. They are time functions depending on the wave length and elevation (as in the classical 
case) and on the dispersed phase concentration. Nonlinear paths of carrier and dispersed 
phase particles have been found. Basing on the obtained expression  for the dispersed particles 
paths, the nonlinear effect has been described: in wave motion dispersed particles that are 
heavier than carrier phase particles float, while lighter particles sink.

KEY WORDS. Nonlinear surface waves, two-phase medium.

An infinitely deep layer of two-phase mixture, bounded from above by free surface 
z*  = ς (f,x*)  is considered. It is assumed: the carrier phase is ideal incompressible 
liquid, viscosity of which only occurs at the interface; the disperse phase is spherical 
particles of a radius; a wave with λ (λ » ξ * max, λ » a) length propagates in the 
x*;  k∕ξ,maχ = ε direction—small wave parameter, k = 2π∕λ—wave number. Physical 
(dimensional) values, where necessary, are marked with asterisks. Setting wave 
frequency (phase velocity) an unknown time function, we can write the nonlinear 
boundary value problem [4] in a dimensionless form

q0 ∂γ
Ш dt

+ (1 — αo )V ■ v1 — εao V ∙ (yv1 )= 0, —L--^∙ + V∙v2+εV∙(yv2)=0, (1) 
0∕c) 5'

1 ∂V1

(/∕c)' dt
sμ,an ∂vj / ∖ „——- rao (v2 - v1)+ Vp + ε 
2(t∕c) dt

-(v2V)v2] = 0,
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+ √l-βo)(v2

+
I Sξ λ λ

———-(l-αjv12-αov22
(i∕c) dt

+ε2a0y∣∣(v2χ-vιx)=°. 2 = f^i∙jc)'

p-v2oξ + εao(μl-μ2)v2γξ = 0, v2o=g∕kc2, z = εξ(t,x), 

vi2 → O, vit → O, z → — ∞, Z = 1,2.

Dimensionless quantities are associated with physical equations 

f= kc't', x = kx', z = kz", μ. = p°∕ p0, r = R/ p0kcg, p0= (1- a0) p1°+ a0p20,

C = C (t)∕cg = co*  (t)∕ωg, a= εagγ, kς - εξ, v.*  = εc0v., p'= P.- Pa + p °gz*  = εp0c2p.

Here a>0, cg is frequency, phase velocity of a linear wave; ag, «‘is disperse phase 
concentration, its disturbance; v.’-p.-pj0is velocity vector, pressure, true density of the 
i-th phase; p0, Pa is quiescent mixture density, atmospheric pressure; R = 9η∕a2 is 
interphase friction coefficient (η—dynamic viscosity), coefficient s = 1; 0 depending 
on account of the added mass force.

Maclaurin expansion of the boundary conditions are reduced to the surface z = 0. 
Unknown functions are defined as ε series:

n=l

P = ∑ε"lP^ ξ = ∑ε",ξn- y = ∑εn,γn. c = l + ^επan(t). 

π=l n=l n=l n=l

(2) Substituting (2) series in the equations and boundary conditions (laid out in z = 0 
neighborhood) (1) and equating coefficients of ε0, ε', ε2, we obtain an asymptotic 
representation of (1) problem in the first three approximations. 
In the first approximation, the problem takes the form of: when ε0

-α ⅛ + (l-αJV∙v11=0, ⅛ + V∙v21=0,
at ∂t (3)

I S ∖∂V., S ∂v,, / ∖ v, „
I Bi + 2μ'a°)1t~~2μ'a°~∂t— ra° ^21 “ v" '+ VP1 = 0,

∂v2ι
∂t 
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vn=(vixi>vlzl), V21 =(v2xl ,v2zl), 

nt
-^- = (1-β0)vιzι+α0v2zi. z = θ∙ 

Pι-⅛=θ. z = θ;

for the second approximation: at ε'

-αo~ + (1~α<j)v'vi2=¾v∙(∕ιvι1)> ¾- +V∙V22=-V-(y1v21), (4)
at ∂t

+ )⅛^iziiαo ¾^^ rα∙> ^22 - v>2 )+ V/?2 = ra"γ> ^21 -vil)- 

-(a + j^1¾j(v,1V)v11 + j^1α0(v21V)v21+^1αoy1(^---^-j, 

(μ2 +f Λ (1 - «<, )j¾2- - C - a0 )6J- + Vp2 + r (1 - ao )(v22 - v12 )=

= -(μ2 +^(1-aj)(v2iv)v2ι +^ι(1-βJ(vιιV)v11 +raoy1(v21 -v11)+

S (∂v21 ∂v,, ) z ∖ z ∖
+ 2^1izoħ I ^γt-------v12 = (v1x2,V1z2), V22 = (v2χ2,v2z2),

-^--(l-a0)v122 -a0v2z2 = «,Τι (v2zl ~ vlzl)—^-[(1 -ao)vlxl + aov2ll] + 

+(l-aJ⅛ + aJ⅛ z = 0,
OZ OZ

Pt - ⅛ =a, (μ2 - Px KVii1 - iι vl. z=θ;
∂z

for the third approximation: at ε2
-«0 -ZT + (1 - «»)V ∙ v13 = a0 V ∙ (y1v12 + y2v11)+ a0 ^~(ta2)', (5)

Ot ot
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∖, ∙S (∂v22 ∂V12∖ 5)+ι^--^J+-w2

0 ⅞^- (1 +?“° )⅛ ^°2“ ⅛'α≡y> [(v"v)vil - (v2iv)γ211

-∣Mι(l-α<,

÷rαoy2 (v2ι ^^ v11) . 2 +pv2l _a)
∂t

∂t)

+Ml
5 
—a
2 ,

= ^(m2 +∣Mι(l-a0)^(v21V)v22 +(v22V)v21] 

+∣Mι (1 - «„ )[(v11 v)v12 + (v12V)v11 ] + raoγ1 (л 

. i f3v21 Al) 17 ∙S /, ∖)<
+7"ισ∙,,≈ (m-vJ+[r,+3a, (1 ^°∙,Γ 

-|М1«0У1 [(v11V)v11 - (v21V)v21], v13 = C 

∂ξ3 Z1 ∖
—-(1-«Jvlz3-aov2z3

_A
Эх

+ Vp3 + r (1 - ao )(v23 - v13 )=

S (∂V,2 0v1, ∖+iw'hr-7ΓΓ

71x3>Vlz3), v23=(v2x3,v2z3),

= a.,'/, (v2z2 - Vlz2)+ zzoy2 (v2zl - Vlzl )--⅛-(to2)- 

[(l-ao)vll2+aov2jt2]-⅛

+«Λ ⅛ + (1 - «»⅛ι ⅛ + «Л

■ +a0rι<ι(∙
{(1 - ao )vuι + «Мл ] + (1 - ao )⅞ι 

': AzL + 1z1- λξ2⅛zk + l
'ob2 to 2v οΛι to2 2 ‘

∂z ∂z ) 0 ∂z

∂z

⅛t + zz^L

∂z ° ∂z

p3-'⅛3 = ≈0(μ2

Az2
∂z

Jijh (1- a0

-aθy> ‰ (v2^-vω)' z = 0’

-M1>2^lξ2+y2ξ1+ξ12^-j

Linear problem (3) solution has [4] the form:

v<zi ~ AeZ~b‘ (m, cosX + n∣ sin x)∙ vizi = Λez^i" (Wi sinχ - Ni cosχ), i = 1,2, 

y1=0, p1 = Ae^~b' cosχ, ξ1= Av^1e~b, cosχ, χ = x-t + θ, 

where M1 = j-j[l + 2(⅛2 + ∖)μ1μ2(l-μ,)(s + 2μ2)∕d],

M2 =^-
2 b2+∖

Z=Q
1 ∂z 2 to 2 1 ∂z2

[1 + 2 (b2 + l)p2 (1 - μ2 )(s + 2μ2 )∕zf],
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N1 = 7r77 [-⅛ + 2 (fe2 + l)μ2 (1 - μ1 )(2r -bμi(s + 2μ2))/'d ], 

n2 = ⅛⅛ι[-z, + 2(z,2 + 1)∕<ι Ο~F2)(2r-Mi G + 2μ2))∕d^∖, 

d = (2r- bμλ (s + 2μ1 )) + μ2 (s + 2μ2 )2.

Here b is dimensionless damping decrement, β = bkc0 is dimensional decrement. 
For damping decrement and phase velocity in [4] the expressions were obtained 
c2=c2+c2+c2

>

β=k
∂ ∕∂2 U3

1
3 <5 02 +ψ3

1

3 . 2R∕p°k
------f ∖—1^~—2 V 4 27

+
2 V 4 27 3μ,G + 2μ2)

where
2 = g 2 = 2ao(l -go)(∕>r- Рг У

Cs k’ C“ p°l(sp°+2p°2)

3μ,(s + 2μ2)(sμ1+2μ)g∕k-4(R∕poky 
Ψ =

g_ 
k’ c'-τ3β-

4Rpo
Pi GPo +2p°2)J'

12μ∣ (s + 2μ2)2
>

0 = 54μ3G + 2μ + + ~ + ^2

Solution to problems of the second approximation (4) can be written in the 
following way

vfe2=0, vfe2=J⅛c22-24', / = 1,2, ∕72 = Λ2e-24'

R∕p°k

Ly 1) 2v2
o J

Y2 = A2L4e2z~2bt, ξ2 = -½τe~2b' cos2χ,
2vo

where 
r r τ (l-°Qv J

(l-αo) 2 2 l(r-b(sμx + 2μ)) 4 2b(r-b(sμ1 +2μ))

- (1 - a0 )(pff - Mi G + 2μ2 ))(λ72 + V2)- «„ (fl2r ~ M1 G + 2μ2 )X⅛f2 + N2) 
A ~ 2(r-b(sμl +2μ))

H = μfls + 2)(m2 + N2)- (sμi + 2μ2 )(λ∕22 + N22).
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Substituting expressions of the first and second approximations in the equations 
and boundary conditions of the problem (5), we obtain the problem for the third 
approximation in an explicit form

~ao + (1 - αo )V ∙ v13 = 2a0A3e3z~3b,L4 (m, sinχ-N, cosχ), (6)

⅞^+ v ’ v23 = 2A3e3z~3b'L4 (n2 cosχ-M2 sinχ),
dt

(pl + ∣μ,αo )ηj≤- - ∣μ1ao - ra0 (v2l3 - v1,3)+ = Aez b,∣2 ({z, [(2 + sa0 )∙

∙(∏1 + bMλ)-sa0 (N2 + ⅛Λ√2)](ta2) + A2e2z~2b, [sμ1a0Z,4 (hi -N2)-2a0rL4 ■ 

∙(M1 -M2)- μ1(2 + s)L,Ml]}cos χ + {u, [sa0 (М2 -bN2)-(2 + sa0)(Λf1 -bNx)]■ 

∙(ta2)' —Λ2e2z^26'[μ1(2 + s)LlH1 + sμxcc0L4 (л/, - M2)+2a0rL4 (∏1 -JV2)]}mχj, 

(p∣ +f P∣a<> )⅛1 -f ^ao ~ ra° (v2-3 “ vω )+ ¾^= Ae^b‘/2 ({zι [(2 + sao)’

∙(M1 - bNi)- sa0 (М2 - bN2 )](ta2)' + A2e2z~2b, [sμ,a0i4 (mi - M2)+ 2a0rL4 ■ 

■ (N1 — H2)+ μ1 (б + s + 2sa0 )L1 N1 — 2sμxa0L2N2 J Jcos χ + -Ju1 [(2 + sa0 )∙ 

∙(∏1 + W1)-sa0(∏2 + bM2)](ta2] + A2e2z^2b,[sμxa0L4(sNx -N2)-2a0rL4 ∙ 

• (λ∕1 -M2)- μ1 (б + s + 2sa0 )LxMx + 2sμxa0L2M2 J Js 

{ft+fft(l-a.))⅛-fA1(∣-¾)⅛-+^+√l-a.X¾-u1,)= 

= Aez~b'∕2^∙^2μ2 (∏2 + bM2)-sμx (1 —a0)(∏l + bMx -N2 -AΛ∕2)](ia2) + 

+A2e2z~2b'[sμxa0L4(Nx- N2)-(2μ2 + sμx)L2M2 -2a0rL4(Mx -Λf2)]Jcosχ + 

+ ∙^sμ1 (1 — a0 )(λ∕1 - bNx -M2+ bM2)+ 2μ2 (bN2 — M2)](ta2) + 

-A2e2z^2b [sμxa0L4 (mx - M2)+ (2μ2 + sμx )l2N2 + 2a0rL4 (∏1 - N2 )]}sin χ) 

(ft+ift(l-θ.))⅛11-ift(l-θ.)⅛ + ⅛ + √l-<1.Xv1,-v1,)=

PHYSICS AND MATHEMATICS



144 V. A. Barinov, К. Yu. Basinsky

= A3e2~b'∕2[ ∣2μ2 (М2 - bN2)- sμi (1 - aa )(м, - bNx -M2 + bN2 )](to2)' + 

+A2e2z~2b, [sμ1α0Z,4 (λ∕1 — M2)+ (6μ2 + 3sμλ — 2sa0μl ')L2N2 + 2a0rL4 (Nl — N2 )— 

-2sμ1 (1 — a0 ')LlNl ]Jc05χ + ∙f 2μ2 (N2 + bM2)— sμx (1 — a0 )(∕V1 + bM2 —

-N2 - bN2 )](ta2)' + A2e2z~2b' [2sμ1 (1 - a0 )LxMx - 2a0rLi (мх - M2)+ sμxa0L4 ■ 

-(Nx-N2')-(6μ2 + 3sμx -2.sa0μ1)Z.2λ∕2]}smχ)

^9e 2bl [sin3χ -bcos3χ]+ 8bv°A 2e2b' ·

' (la2) +16v0 ^ct0E2 4" (1 ~ Oo) A - voaoL4d (Bi - B2 )(>2, bμx (s + 2μ2 ))j + b 

-∣-8v4zΓ2e26'(ta2) +16^β0μ1Z4B^1(ε + 2μ2)(μ1 -μ2)^mχj,

⅛.∕1. ) -J!≤2i
∂t ' a°>vV3 a <>v2zl 8y6

∙cosχ + z = О,

A3e~3b,Рз - v⅛3 =----^T- Y c°s 3/ + [5 +1 Gv2Li + Srz0V4L4 (μ1 - μ2)] cos χ } z = O.

То solve the problem (6), we set amplitude ratios functions of time to be 
determined. Then to an accuracy of the third approximation, solution to the nonlinear 
problem has the form of

, , l-e^2t'
c = !+ε^ 2-ca, (7)

v11 = Aez~b' (M, cosχ + Ni sinχ)+ ε2A3P~b' ⅛22~2b'Ql sinχ + [l>v3 (e"24' -1)+ e2z~2b, R,^∖}cos χ,

n2x = Ae2 b' (M2 cosχ + N2 sinχ)+ ε2A3ё b' χe2-24'β2-cw4 ~D^e 2b')sinχ +

+(Cv4+¾4ε^24' + e2z~2b'R2∖os ∕∖,

v12 = Aez~b' (M1 sinχ- Nλ cosχ)+ εA2Lie2z~2b + ε2J3e2^4'[(θv3 (e-2b'-l)+e2z-2b,Q3)sinχ +

+e2z 2b,Ri cosχj,

v2z = AP~b, (M2 sinχ- N2 cosχ)+εA2L2e2z^2b' + ε2Λ3e2^4' [(Cv4 + Dv4e~2b, +e2z-2b,Q4)sinχ +

+(Cw4 + Dw4e~2b, + e2z^2b' S4)eojχ],

p = Ae2~b, cos χ + εA2e~2b'
⅛<∙--o-⅛

z∙μ0 J
+ ε2A3P~b'[(c,5 + Dvie~2bt +e2z~2b∙Q5)sinχ +

<+O+2ι' + e2,~lh'R,)cos ∕∖,
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γ = εA2L4e2z 2b,+ε2A3e3z 3t'[g6 smχ + ∕ζcosχ],

A A2
ξ = -e^b, cosχ +ε-re^2b' cos2χ + ε2e~b, A3 [3e~26'J38^' vθ6 cos3χ +

+ ((1 + 9⅛2) e~2b, -^α0iZ^ 1A (μ1 ~ μ2 )[βbr + (μls + 2μ1 )(1 -3b2)] - 2v~1 ■ 

∙(1 + 3⅛2 )cα + (1 - α0)(β3 - 3bR3 + Dv3)+ a0 (β4 -3bR4 + Dv4 - 3bDw4)+ 8^,√ ■ 

• (5 - 3⅛2)}+ (1 + b2)’1 [(1 - CC0 )cv3 + «„ (cv4 - bCw4 )]}0i χ + ((l + 962)^' e~2bl ■ 

■ ^a0d',L4 (u1 - μ2 )[r - 2b (μls + 2μ2)] + 4v~2bCa - (1 - a0 )(Λ3 + 3bQ3 + 

+3bDv3)- a0 (R4 + 3Z>βt + Dvv4 + 3bDv4)+ 2v^⅛}- (1 + b2 )^' [(1 - a0 )bCv3 + 

+aθ(Cw4+*C ,v4)])si"z]∙

Here coefficients of the third approximation are omitted because of their 
awkwardness.

(7) implies that over time, frequency (phase velocity) tends to the value 
corresponding to the linear problem. Fig.l shows the dependence of the wave phase 
velocity c*on  time f whenp°= 1500 kg∕m3 and ρ20= 500 kg∕m3 (A= 1, A = 5m,pj°= 
1000 kg∕m3, η = IO 3 kg∕(m*c),  a = 0,15 * IO 2 m). Phase velocity is greater when 
particles of disperse phase have greater density than the carrier phase which is not 
the case with lighter particles. From graphs showing dependence of wave amplitude 
on time on Fig. 2 it is seen that the wave motion decays faster than phase velocity 
reaches a linear value.

0 500 1000 1500 2000
t*, C

2.950

2.925

2900 
c*, м/с

2,875

2.850

2.825

Fig. 1. Dependence 
t": —p20=500kγ∕m3, —∕>2"=1500kγ∕m3.

t*, c

Fig. 2. Dependence of amplitude on 
c,(t*): —p2 = 500 kγ∕m3, —ρ2 = 1500 kγ∕m3

Dimensionless coordinates of disperse and carrier particles satisfy the equations
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where y.(t) = ω∕σ. is vibration frequency of /-phase particle.
Solution (8) is found in expanded form in small parameter

Zi=j⅛ 2 = ∑ε4> (9)
7=0 J=O

ri = ι+∑ε%∙
7=0

Substituting expressions (7), series (9) in the motion equation (8), to determine the 
first three coefficients we obtain the following equations:

⅛ss,1 ⅛- = 0
Λi ’ dti

~~ = Aez'°~b,' [M, cos χ0 + Ni sin χ0 ] - (r,y1) ,

iZz = [4 sin χi0 - Ni cos χi0 ], χi0 = xi0 + d,

= Ae^-P + M;Z;i + χ ])' _ bMitiγii cos χi0 +

Λfi⅞ + 4∙z,l + Ml 0./,1 )' - fe4fiT,l
sinχi0-

Niziλ ~ Mixn + Ni (tiγii Ί - bNitiγn cosχi0 + Aez°~bt, Li

First, we have χi0=yiL - t. = x.L -t. + θ,zj0 = z,i, where x.l,z.l are Lagrangian 
coordinates of the particle at a standstill.
Determining the periodic solution for∕7, z7, we obtain

Aeza^~bti
T,ι =0- χ∣' -z,4-)c0iZ,z -(4-

Z,1 = ⅛2 +1 LVй· + bN‘ )c°s + (N‘ ~ bM‘ Tin ×it J ’

Equations for determining the trajectory of a fluid particle in the second 
approximation take the form

zJ A 2 ^∙zιL l2∙bti 1

i
1

Solving these equations, we obtain
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%=0.

The value us = c-σ∕k is transfer velocity. Its approximation is of the form

Transfer velocity depends not only upon the depth the particle is located at, but 
also on attenuation time. Particle motion consists of two convergent modes— 
nonperiodical and rotational. Figs. 3, 4 show trajectories of disperse phase particles 
atρβ= 500 kg∕m3 andρf = 1500 kg∕m3.

x*, M

Fig. 3. Trajectories of disperse phase 
particles at p2°= 500 kg∕m3

Fig. 4. Trajectories of disperse phase 
particles at p2 = 1500 kg∕m3

The graphs show that the lighter particles deepen while moving, and the heavier, 
on the contrary, rise closer to the free surface. That leads to an increase (decrease) in 
concentration of heavier (lighter) particles in the near-surface layer. The present paper 
analytically discovered this phenomenon of nonlinear character [3]. A more precise 
solution obtained in this work confirms and specifies this nonlinear effect.
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